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1. Introduction
A latin square of order n is an n× n array based on n distinct symbols such that each symbol appears exactly once in each
row and each column. We say that two latin squares are orthogonal if each of the n2 ordered pairs occurs exactly once when
the two squares are superimposed. A set of mutually orthogonal latin squares (MOLSs) is a set of latin squares of the same
orders in which any pair of distinct squares is orthogonal. It is easy to show that the maximum number of MOLS of order
n,N(n), is at most n − 1, and a set of MOLS is called complete if it attains this bound. If n = pe where p is prime and e is a
positive integer, then a complete set of pe− 1 MOLS of order pe can be constructed [1]. While it is known that N(n) < n− 1
for infinitely many orders n [2], there is no known general formula for N(n). Dénes and Keedwell provide good surveys of
the work done on latin squares and their applications in [3,4].
In this work, we are interested in generalizations of latin squares and concepts of orthogonality for these generalizations.
A typical way to generalize a latin square is by increasing the dimension or by changing the restrictions on the locations of
the symbols. For the following definition the term ‘‘latin’’ hypercube is typically reserved for hypercubes of type 1.
Definition 1.1. Let d, n, t be integers, with d > 0 and n > 0. A hypercube of dimension d, order n, and type t, 0 ≤ t ≤ d−1,
is an n× n× · · · × n (d times) array on n distinct symbols such that each of the n symbols appears exactly nd−t−1 times in
each (d− t)-dimensional subarray.
Moreover, two such hypercubes are said to be orthogonal if when superimposed each of the n2 possible distinct pairs
occurs exactly nd−2 times.
Finally, a setH of such hypercubes is mutually orthogonal if any two distinct hypercubes inH are orthogonal.
Notice that in this definition orthogonality simply ensures that each ordered pair occurs the same number of times
upon superimposition of the hypercubes. However, this concept does not yield any information on the positions of the
ordered pairs. In Fig. 1, we have a set of three mutually orthogonal latin cubes C1, C2, and C3 of order 4, where each 4 × 4
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Fig. 1. Mutually orthogonal latin cubes of order 4.
subarray represents a level of the cube. Notice that when C1 and C2 are superimposed the corresponding levels do not
contain every ordered pair, that is corresponding levels are not orthogonal. However, when C1 and C3 are superimposed
their corresponding levels are orthogonal. Understanding the added structure implicit in the orthogonality of C1 and C3 has
some interesting and useful applications, and modifying the definition of orthogonality to account for extra structure is a
major focus of this work.
Another direction we will look is to define orthogonality by superimposing more than two hypercubes at once. For
example, if we superimposed two three-dimensional cubes of order n, then each of the n2 ordered pairs occurs exactly
n times; however if we superimpose three cubes at once, then each ordered triplet could occur exactly once, and in a sense
this provides a more natural operation. In [9] the authors introduce the concept of a variational cube to account for this type
of orthogonality; in Section 2wewill define this as dimensional orthogonality. These new definitions of orthogonality, while
interesting in their own right due to their increased structure, will also prove to be useful by providing a link between latin
hypercubes and maximum distance separable linear codes as well as (t,m, s)-nets, which are used in certain numerical
integration problems.
The format of this paper is as follows. In Section 2 wewill present the definition of dimensional orthogonality, give some
bounds on the existence of sets of dimensionally orthogonal hypercubes, and provide a connection between such sets and
MDS codes. In Section 3 we will provide similar information on a generalization of dimensional orthogonality called strong
d-orthogonality. In Section 4 we will provide a method for constructing sets of dimensionally orthogonal hypercubes and
sets of strong d-orthogonal hypercubes. Section 5 will provide another generalization of dimensional orthogonality called
k-orthogonality and some corresponding constructive techniques. Section 6 will provide a brief discussion of hypercubes of
class r; i.e. for hypercubes which have nr symbols where r ≥ 1.
2. Dimensional orthogonality
In this section we will focus on sets of mutually dimensionally orthogonal, or d-orthogonal, hypercubes. We begin with
definitions and known results, provide a bound for the maximum cardinality of sets of mutually d-orthogonal hypercubes,
and then prove a connection between mutually d-orthogonal hypercubes and maximum distance separable codes.
2.1. Definitions and preliminaries
Throughout this section we will let n be a positive integer and d, k, l, and t be non-negative integers. We will reserve q
to denote a prime power, and we denote the finite field of order q by Fq and the non-zero elements of the field by F∗q .
In order toworkwith hypercubes combinatorially, it is helpful to use a coordinate system. Herewe distinguish one corner
as an origin and identify each edge incident with the origin with a coordinate x1, . . . , xd. We then label the n cells along each
of these edges 0, 1, . . . , n− 1. It is now possible to identify each cell in the hypercube with a set of coordinates (x1, . . . , xd).
Definition 2.1. For 1 ≤ t ≤ d, a t-subarray is a subset of a hypercube of dimension d which is obtained by fixing d − t of
the coordinates and allowing the other t coordinates to vary.
Also, we say that two t-subarrays in the same hypercube are parallel if they have the same fixed coordinates.
Finally, two t-subarrays of distinct hypercubes are said to be corresponding if the fixed coordinates of the two subarrays
are exactly the same.
In Section 1 we argued that for hypercubes of dimension d it makes sense to define orthogonality by superimposing d
hypercubes at once as follows.
Definition 2.2. For d ≥ 2, a set of d hypercubes of order n and dimension d is said to be dimensionally orthogonal, or
d-orthogonal, if when superimposed, each of the nd ordered d-tuples occurs exactly once.
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Moreover, we say that a set of j ≥ d hypercubes of dimension d ismutually d-orthogonal if given any d hypercubes from
the set, they are d-orthogonal.
The notation MdOH will be used as an abbreviation for a set of mutually d-orthogonal hypercubes.
It should be noted that if d = 2, then Definition 2.2 corresponds to the standard definition for orthogonality of squares.
In Section 2.3 we will prove an important connection between sets of MdOH and maximum distance separable codes. A
codeword x⃗ = x1x2 . . . xl is a block of l symbols, where a fixed number d, d ≤ l, of the symbols are message or information
symbols, and the remaining l − d positions are check symbols. A collection of codewords form a code. Here l is called the
length of the code while d is called the dimension of the code. The code is called n-ary if it is based on n distinct symbols. In
this work we will consider only codes with N = nd codewords.
The distance between two vectors x⃗ and y⃗, denoted dist(x⃗, y⃗), is the number of places where the two vectors differ. The
minimumdistance of a code,D, is theminimumdistance between any of its codewords. Ann-ary code of length l andminimum
distance Dwhich contains nd codewords will be denoted in this work as an n-ary (l, nd,D)-code.
Remark 2.3. The standard notation used in coding theory uses the variables n, k, and d for length, dimension, andminimum
distance respectively. We use different variables in order to maintain consistency with the rest of this work.
A code of length lwith symbols from Fq is called linear if the codewords are distinct and the code forms a vector subspace
of Flq. We will denote a q-ary linear code of length l, dimension d, thus with q
d codewords, and minimum distance D as a
q-ary [l, d,D]-code.
The following relationship between the parameters of an n-ary (l, nd,D)-code appears in [19]:
Theorem 2.4 (The Singleton Bound). For any n-ary (l, nd,D)-code, D ≤ l− d+ 1.
Codes which reach this bound, that is if D = l−d+1, are calledmaximum distance separable orMDS codes. The following
theorem, also shown in [19], about MDS codes will be useful to us:
Theorem 2.5. For an n-ary (l, nd, l− d+ 1)-code any d coordinates can be regarded as information (message) positions.
2.2. Bounds on sets of MdOH
Lemma 2.6. Given a set of d hypercubes of dimension d and order n which are d-orthogonal, then upon superimposition of any
1 ≤ i ≤ d hypercubes from the set each ordered i-tuple appears exactly nd−i times.
Proof. Let H1, . . . ,Hd be a set of MdOH of dimension d and order n. Now suppose for a contradiction that upon
superimposition of i of the hypercubes, 1 ≤ i ≤ d, that some ordered i-tuple does not appear exactly nd−i times. If this
is the case, then at least one ordered i-tuple appears less than nd−i times. Without loss of generality, suppose that upon the
superimposition of H1, . . . ,Hi the i-tuple (0, . . . , 0) appears less than nd−i times.
Now, notice that there are nd−i ordered d-tuples which begin with the i-tuple (0, . . . , 0). Since upon the
superimposition of H1, . . . ,Hi the i-tuple (0, . . . , 0) appears less than nd−i times, it follows that in the superimposition
of H1, . . . ,Hi,Hi+1, . . . ,Hd at least one of the ordered d-tuples which begins with the i-tuple (0, . . . , 0) will not occur, a
contradiction. 
In [3, pg. 186] a bound, first proved in [11], for the maximum number of mutually d-orthogonal hypercubes of order n
and dimension d is shown to be (d− 1)(n− 1). Note that in the result found in [3], a set of MdOH is called a d-dimensional
variational set. Here we significantly improve on this bound with the following result:
Theorem 2.7. Let d ≥ 2. The maximum number of mutually d-orthogonal hypercubes of order n and dimension d is at most
n+ d− 1.
Proof. Distinguish a corner of the hypercubes and permute the symbols of all the hypercubes so that the same symbol, say
0, appears in that corner for each hypercube. Now, distinguish d − 2 hypercubes H1, . . . ,Hd−2. By Lemma 2.6, when these
hypercubes are superimposed, the (d−2)-tuple (0, . . . , 0)must appear exactly nd−(d−2) = n2 times. Hence the (d−2)-tuple
(0, . . . , 0) appears in exactly n2 − 1 entries e1, . . . , en2−1 other than the distinguished corner.
Now, for any additional hypercube Ht , upon superimposition of H1, . . . ,Hd−2,Ht the (d − 1)-tuple (0, . . . , 0) appears
exactlyn times.Weknow that one (d−1)-tuple (0, . . . , 0) appears in the distinguished corner and furthermore that the other
n−1, (d−1)-tuples appear in n−1 of the n2−1 entries e1, . . . , en2−1. Also it is easy to see that any two additional hypercubes
to H1, . . . ,Hd−2 cannot both contain the symbol 0 in any e1, . . . , en2−1. Thus we can have at most (n2− 1)/(n− 1) = n+ 1
additional hypercubes. Hence we can have at most (d − 2) + n + 1 = n + d − 1 mutually d-orthogonal hypercubes of
order n. 
Here if we let d = 2 we have as a corollary the known result in latin square theory:
Corollary 2.8. There are at most n+ 1mutually orthogonal squares of order n and type 0.
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Remark 2.9. The previous corollary is equivalent to having at most n− 1 MOLS of order n.
Definition 2.10. A set of MdOH is called complete if its cardinality is n+ d− 1, that is if the set reaches the bound defined
in Theorem 2.7.
In the two-dimensional case it is known that this bound is attainable in every prime power order; in fact, in each prime
power order a complete set can be constructed using permutation polynomials over the finite field of the same order.
We would like to extend these constructions to dimensions greater than 2 and show that the bound in Theorem 2.7
is attainable in higher dimensions for all prime power orders. On the surface this does not seem unreasonable as similar
constructions can be done to create maximal sets of mutually orthogonal latin hypercubes when we use the standard
definition of pairwise orthogonality. To understand the complexity of the current problem it is helpful to look at a connection
between d-orthogonality and coding theory.
2.3. MdOH and MDS codes
We begin by proving a relationship between d-orthogonal hypercubes and MDS codes:
Theorem 2.11. A set of l d-orthogonal hypercubes of order n, dimension d, and type 0 is equivalent to an n-ary (l, nd, l−d+1)-
code.
Proof. Suppose we are given a (l, nd, l− d+ 1)-code with nd codewords, each by definition, of length l. Take each of the nd
codewords and place it in one of the nd distinct entries of a hypercube H of order n and dimension d. Now we can construct
a set of l d-orthogonal hypercubes of order n, dimension d, and type 0 from H by making the entries of the j-th hypercube
to be exactly the j-th symbol of the entries of H .
To show that the hypercubes are mutually d-orthogonal, first take any d of these hypercubes. These d hypercubes were
generated by some d positions of all the codewords. By Theorem 2.5, these d positions may be used as information positions
and hence each d-tuple must appear exactly once in these d positions of the codewords. Therefore each d-tuple appears
exactly once in the superimposition of those d hypercubes, and so the set of hypercubes ismutually d-orthogonal. Lemma2.6
with i = 1 ensures that each symbol occurs nd−1 times in each object and thus is in fact a hypercube of type 0.
Conversely, supposewe are given a set of lmutually d-orthogonal hypercubes of order n, dimension d, and type 0.We can
construct a (l, nd, l− d+ 1)-code by superimposing all l hypercubes and letting the nd, l-tuple entries be the nd codewords.
We must show that this is an MDS code. Notice that if any two codewords agree in d positions, then the d hypercubes
which generated these positions would not be d-orthogonal, a contradiction. Hence any two codewords differ in at least
l− (d− 1) = l− d+ 1 positions; therefore the code is MDS. 
As a corollary to Theorems 2.7 and 2.11 we obtain:
Corollary 2.12. Given an n-ary (l, nd, l− d+ 1)-code it follows that l ≤ n+ d− 1.
The equivalence between MDS codes and orthogonal hypercubes has been alluded to previously in the literature, but
not shown explicitly when d > 2. Golomb [8] pointed out the following equivalence between MDS codes and mutually
orthogonal latin squares:
Theorem 2.13. An n-ary (l, n2, l− 1)-code is equivalent to a set of l− 2mutually orthogonal latin squares of order n.
In [19] Singleton states that an n-ary (l, nd, l− d+ 1)-code with d > 2 can be used to form a set of l− d, d-dimensional
latin hypercubes of order n which will have some ‘‘orthogonality relationship’’ as a result of the properties of the code.
Furthermore, sets of hypercubes which exhibit this orthogonality relationship can be used to form a MDS code.
While Theorem 2.11 defines an equivalence between MDS codes and certain d-orthogonal hypercubes, d-orthogonality
is not the orthogonality relationship alluded to in Singleton’s work, since Theorem 2.11 uses a set of l hypercubes and
Singleton requires only l − d hypercubes. However, by modifying d-orthogonality to account for the position of ordered
j-tuples, 1 ≤ j ≤ d, in the superimposition of hypercubes we can explicitly define the orthogonality relationship Singleton
alludes to.
3. Strong d-orthogonality
In this section we will define strong d-orthogonality and prove that this definition is the orthogonality relationship
alluded to by Singleton in [19] and described at the end of Section 2. Moreover, we will provide a bound on the maximum
cardinality of a set of mutually strong d-orthogonal hypercubes as well as generalize a connection between codes and
hypercubes first shown in [7].
Definition 3.1. We say that a set of r hypercubes of order n and dimension d is mutually strongly d-orthogonal if upon
superimposition of corresponding j-subarrays of any j hypercubes in the set, 1 ≤ j ≤ min(d, r), each ordered j-tuple
appears exactly once.
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The notation MSdOH will be used as an abbreviation for a set of mutually strong d-orthogonal hypercubes.
Note that letting j = 1 implies that each hypercube in the set is of type d−1. Also, if d = 2 and r ≥ 2, then this definition
is equivalent to the definition ofmutually orthogonal latin squares. Furthermore, it should be noted that if r ≥ d, then strong
d-orthogonality implies d-orthogonality.
Theorem 3.2. If l > d, a set of l − d mutually strong d-orthogonal hypercubes of order n and dimension d is equivalent to an
n-ary (l, nd, l− d+ 1)-code.
Proof. Given an n-ary (l, nd, l−d+1)-codewe can construct l−d hypercubes of order n and dimension d. We use the first d
positions of the codewords to define a coordinate of a hypercube and construct l−d hypercubes from the last l−d positions
of the codewords by placing the d + j-th entry of a codeword in the j-th hypercube in the coordinate defined by the first d
positions. Suppose for a contradiction that there are j hypercubes, 1 ≤ j ≤ l− d, in our set which upon superimposition of
some corresponding j-subarray, an ordered j-tuple appears twice. Then consider the two codewords which generate these
two j-tuples. The entries are in the same j-subarray so they agree in d− j of the first d positions. They also agree in j positions
of the repeated j-tuple. Hence these codewords agree in d positions, a contradiction.
Conversely, given a set of l− dmutually d-strong orthogonal hypercubes of order n and dimension d, we will construct
an MDS code. We generate codewords by letting the first d positions of each codeword corresponding to each of the nd
positions of a hypercube and the last l− d letters of the codeword corresponding to the entry in that position in each of the
l − d hypercubes. It remains to show that this forms an MDS code. Pick any two codewords, which are generated by two
positions in the hypercubes. Let j be the smallest value such that these positions lie in the same j-subarray. Then these two
codewords differ in exactly j of the first d entries andmust differ in at least (l−d)− (j−1) of the final l−d positions. Hence
any two codewords must differ in at least l− d+ 1 positions and therefore the code is MDS. 
Notice that Theorem 2.13 is a corollary of Theorem 3.2 obtained by letting d = 2. We will now provide a bound for the
maximum number of mutually strong d-orthogonal hypercubes.
Theorem 3.3. There are at most n− 1mutually strong d-orthogonal hypercubes of order n and dimension d ≥ 2.
Proof. Let H1, . . . ,Ht be a set of MSdOH, and let S1, . . . , St be a set of corresponding 2-subarrays from each of H1, . . . ,Ht .
By definition S1, . . . , St forms a set of mutually orthogonal latin squares. Hence t is at most n− 1. 
We conclude this section by generalizing a connection between codes and hypercubes first shown in [7]. As a corollary
to Theorem 3.2 we obtain the following result found in [7].
Corollary 3.4. An n-ary (l, nl−1, 2)-code is equivalent to a latin hypercube cube of dimension l− 1, order n, and type l− 2.
Note that in [7] the authors use the terminology permutation cube of dimension d and order n in place of latin hypercube
of dimension d, order n and maximal type n− 1. The paper [7] also contains the following result which links the number of
distinct MDS codes of dimension d− 1 to the number of distinct latin hypercubes of dimension d.
Theorem 3.5. The number of (d − 1)-dimensional latin hypercubes of order n and type d − 2 is equal to the number of n-ary
(d, nd−1, 2)-codes.
Using the construction outlined in Theorem 3.2, we can generalize Theorem 3.5 to the following:
Theorem 3.6. Let L(n, l, d) be the number of n-ary (l, nd, l − d + 1)-codes and let S(n, l, d) be the number of distinct sets of
l− d, mutually strong d-orthogonal latin hypercubes of order n, dimension d, and type d− 1. Then L(n, l, d) = (l− d)!S(n, l, d).
Proof. The equivalence defined in Theorem 3.2 is a one-to-one and onto function from the set of (l, nd, l− d+ 1)-codes to
the set of ordered sets of l−dmutually dimensionally strong-orthogonal latin hypercubes of order n, dimension d, and type
d− 1. Hence, there are (l− d)!MDS codes for each distinct set in S(n, l, d). 
Notice that Theorem 3.5 is simply the case when l− d = 1 in Theorem 3.6.
4. Constructions of sets of mutually d-orthogonal and mutually strong d-orthogonal hypercubes
In this sectionwewill provide amethod for constructing sets ofmutually d-orthogonal hypercubes (MdOH) andmutually
strong d-orthogonal hypercubes (MSdOH) in prime power orders q using permutation polynomials over the finite field Fq.
Furthermore, we will examine whether the bound provided by Theorem 3.3 is attainable in prime power orders; that is
whether or not we can construct a complete set of MSdOH for a given prime power order. By modifying the equivalence
in Theorem 3.2 to link linear codes and sets of MSdOH generated by linear polynomials, we will see that the problem of
constructing complete sets of MSdOH is a equivalent to a long list of open problems from coding theory and projective
geometry. We will also include constructions of sets of MdOH and MSdOH in non-prime power orders.
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4.1. Permutation polynomials
As denoted in [15, ch. 7], a polynomial f (x1, . . . , xd) ∈ Fq[x1, . . . , xd] is a permutation polynomial if the equation
f (x1, . . . , xd) = α has exactly qd−1 solutions in Fdq for every α ∈ Fq. It is easy to see that a linear polynomial is a permutation
polynomial over Fq if and only if it has at least one non-zero coefficient. Also, notice that addition of a constant does not
affect the property of being a permutation polynomial.
We say that the polynomials f1(x1, . . . , xd), . . . , fr(x1, . . . , xd), with 1 ≤ r ≤ d, form an orthogonal system of polynomials
inFq if the systemof equations fi(x1, . . . , xd) = αi, i = 1, . . . , r , has exactly qd−r solutions inFrq for each r-tuple (α1, . . . , αr)
in Frq. As before, addition of a constant to one or more of the equations does not affect the property of orthogonality.
As shown by Niederreiter [18], the system f1(x1, . . . , xd), . . . , fr(x1, . . . , xd) is orthogonal if and only if for all
(b1, . . . , br) ∈ Frq with (b1, . . . , br) ≠ (0, . . . , 0), the polynomial b1f1(x1, . . . , xd)+ · · · + br fr(x1, . . . , xd) is a permutation
polynomial over Fq. If f1, f2, . . . , fr are linear, it is easy to see that this is equivalent to the following result:
Lemma 4.1. Let fi(x1, . . . , xd) = ai,1x1+· · ·+ ai,dxd, for 1 ≤ i ≤ r, be a set of r, linear polynomials over Fq, and let M = (ai,j)
be the matrix formed by the coefficients of the polynomials fi, 1 ≤ i ≤ r. Then f1(x1, . . . , xd), . . . , fr(x1, . . . , xd) forms an
orthogonal system if and only if M has rank equal tomin(r, d).
4.2. Constructions in prime power orders
For q a prime power, we can construct a d-dimensional hypercube of order q from f (x1, . . . , xd) = a1x1 + · · · + adxd
over Fq as follows. We use the elements of Fq as the q distinct symbols and as the coordinate labels for each coordinate
xi, 1 ≤ i ≤ d. Then the symbol in entry (x1, . . . , xd) is given by a1x1 + · · · + adxd.
Lemma 4.2. Let f (x1, . . . , xd) = a1x1+· · ·+adxd be a linear polynomial over Fq. If (a1, . . . , ad) ≠ (0, . . . , 0), then the above
construction yields a d-dimensional hypercube of order q. Furthermore, if ai ≠ 0 for all 1 ≤ i ≤ d, then the hypercube has type
d− 1.
Proof. Let f (x1, . . . , xd) = a1x1+· · ·+adxd, with (a1, . . . , ad) ≠ (0, . . . , 0). Then f (x1, . . . , xd) is a permutation polynomial
and hence f (x1, . . . , xd) = α has exactly qd−1 solutions in Fdq for every α ∈ Fq. It follows that every symbol α ∈ Fq appears
exactly qd−1 in a hypercube constructed from f (x1, . . . , xd).
Now, let ai ≠ 0 for all 1 ≤ i ≤ d. Notice that any 1-subarray is generated by fixing d − 1 coordinates and allowing the
final coordinate to be free. Without loss of generality, suppose that x2, . . . , xd are fixed as b2, . . . , bd respectively. Then the
1-subarray in question is generated by the polynomial
f (x1) = a1x1 + a2b2 + · · · + adbd (1)
= a1x1 + C (2)
where C ∈ Fq is the constant a2b2 + · · · + adbd. Since a1 ≠ 0, this is a permutation polynomial and hence f (x1) = α has
exactly one solution for each α ∈ Fq. Therefore, each symbol appears exactly once in this 1-subarray and in general any
1-subarray. Hence the hypercube has type d− 1. 
We will now show how a system of permutation polynomials can be used to construct a set of MSdOH.
Theorem 4.3. Let fi(x1, . . . , xd) = ai,1x1 + · · · + ai,dxd, for 1 ≤ i ≤ r, be a set of r, linear polynomials over Fq. Then the
hypercubes generated by f1, . . . , fr form a set of mutually strong d-orthogonal hypercubes of order q and dimension d if and only
if every square submatrix of the matrix M = (ai,j) is nonsingular.
Proof. Let fi(x1, . . . , xd) = ai,1x1 + · · · + ai,dxd, for 1 ≤ i ≤ r , be a set of r , linear polynomials over Fq andM = (ai,j) be the
matrix formed by the coefficients of the functions fi, 1 ≤ i ≤ r . Let N be any t× t square submatrix ofM . The t rows of N are
formed by t of the r functions fi; hence these rows correspond to the t hypercubes generated by these functions. Similarly,
the t columns of N are used to build t-subarrays of hypercubes with free coordinates corresponding to these coefficients.
Now, consider any system, S, of t equations in t free variableswhich has the t coefficients of the t equations corresponding
to the matrix N and fixes the other d − t variables. Notice that S generates corresponding t-subarrays of the t hypercubes
corresponding to the equations of S.
Now, N is nonsingular if and only if S is an orthogonal system by Lemma 4.1. Also, S is an orthogonal system if and only
if each of the qt , ordered t-tuples is a solution to the system S exactly once. This is true if and only if each ordered t-tuple
appears exactly once in the superimposition of the t-subarrays of the t hypercubes corresponding to the equations of S.
Since S and N were chosen arbitrarily, it follows that every square submatrix of the matrix M is nonsingular if and only if
the hypercubes generated by f1, . . . , fr form a set of MSdOH. 
We can adapt the requirements of Theorem 4.3 to construct sets of MdOH as well:
Theorem 4.4. Let fi(x1, . . . , xd) = ai,1x1 + · · · + ai,dxd, for 1 ≤ i ≤ t, be a set of t ≥ d, linear polynomials over Fq. Then the
hypercubes generated by f1, . . . , ft form a set of mutually d-orthogonal hypercubes of order q and dimension d if and only if every
d rows of the matrix M = (ai,j) are linearly independent.
2056 J.T. Ethier, G.L. Mullen / Discrete Mathematics 312 (2012) 2050–2061
Proof. Let fi(x1, . . . , xd) = ai,1x1+ · · · + ai,dxd, for 1 ≤ i ≤ t , be a set of t ≥ d, linear polynomials over Fq andM = (ai,j) be
the matrix formed by the coefficients of the functions fi, 1 ≤ i ≤ t . Now, any d rows ofM correspond to d distinct functions
and hence correspond to d hypercubes. These rows are linearly independent if and only if the corresponding functions form
an orthogonal system by Lemma 4.1. As in the proof of Theorem 4.3, this is equivalent to the generated hypercubes being
d-orthogonal. 
Wewill now use linear permutation polynomials to construct linear codes. Let fi(x1, . . . , xd) = ai,1x1+ · · ·+ ai,dxd, with
1 ≤ i ≤ r , be linear permutation polynomials over Fq. Then for each of the qd ordered d-tuples x⃗ = (x1, . . . , xd), we use
these polynomials to generate a codeword by:
C(x1, . . . , xd) = x1x2 . . . xdf1(x⃗) . . . fr(x⃗). (3)
The next lemma follows from the linearity of f1, . . . , fr .
Lemma 4.5. The code defined by Eq. (3) is a q-ary [d+ r, d,D]-code.
Corollary 4.6. Let fi(x1, . . . , xd) = ai,1x1 + · · · + ai,dxd, for 1 ≤ i ≤ r, be a set of r, linear polynomials over Fq with
the property that every square submatrix of the matrix M = (ai,j) is nonsingular. Then the code formed by the codewords
C(x1, . . . , xd) = x1x2 . . . xdf1(x⃗) . . . ft(x⃗), is [d+ r, d, r + 1]-code with qd codewords.
Proof. Follows by Lemma 4.5, and Theorems 4.3 and 3.2. 
Notice that the construction of MDS codes used in Corollary 4.6 requires polynomials which can also be used to generate
sets ofMSdOH.We already saw, in Theorem3.2, an equivalence between sets ofMSdOH andMDS codes, and here it is shown
that constructing sets of MSdOH using linear polynomials over Fq is equivalent to generating a linear MDS code.
MDS codes are also equivalent to sets of MdOH, as pointed out in Theorem 2.11. It follows that we should be able to
generate MDS codes using sets of polynomials with the less restrictive conditions needed to generate sets of MdOH. Similar
to before, we let fi(x1, . . . , xd) = ai,1x1 + · · · + ai,dxd, for 1 ≤ i ≤ l, be linear permutation polynomials Fq with l ≥ d. Then
for each of the qd ordered d-tuples x⃗ = (x1, . . . , xd), we can use these polynomials to generate a codeword by:
C(x⃗) = f1(x⃗) . . . fl(x⃗). (4)
As before, this code is also linear since each of f1, . . . , fl is linear.
Lemma 4.7. The code defined by Eq. (4) is a q-ary [l, d,D]-code.
Also, the code will be MDS if the polynomials generate a set of MdOH.
Corollary 4.8. Let fi(x1, . . . , xd) = ai,1x1+· · ·+ ai,dxd, for 1 ≤ i ≤ l, be a set of l, linear polynomials over Fq with the property
that every d rows of the matrix M = (ai,j) are linearly independent. Then the code formed by the codewords C(x⃗) = f1(x⃗) . . . fl(x⃗),
is a [l, d, l− d+ 1]-code with qd codewords.
Proof. Follows by Lemma 4.7, and Theorems 4.4 and 2.11. 
Corollaries 4.6 and 4.8 show us that the problem of constructing complete sets of d-orthogonal hypercubes of order q
using linear polynomials over Fq is equivalent to finding maximal length q-ary MDS linear codes. We have shown that this
problem is equivalent to the following three open problems, also listed in [17, ch. 11]:
Problem 4.9. Given d and q, find the largest l for which there is a d × l matrix over Fq having every d columns linearly
independent?
Problem 4.10. Given a d-dimensional vector space over Fq, what is the largest number of vectors with the property that
any d of them form a basis for the space?
Problem 4.11. Given d and q, find the largest l such that there exists a d× lmatrix having entries from Fq with the property
that every square submatrix is nonsingular.
In [17, ch. 11], the authors also show that the problem of findingmaximal length q-aryMDS linear codes, and thus finding
maximal sets of MSdOH or MdOH, is equivalent the following problems as well.
An n-arc is a set of n points in the projective geometry PG(k− 1, q) such that no k points lie in a subspace of dimension
k− 2, where n ≥ k ≥ 3.
Problem 4.12. Given d and q, find the largest value of n for which there exists an n-arc in PG(d− 1, q).
An M × n matrix A with entries from a set S, where |S| = q, is called an orthogonal array (λqk, n, q, k) of size M with n
constraints, q levels, strength k, and index λ if any set of k columns of A contains all qk possible row vectors exactly λ times.
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Problem 4.13. Find the largest possible n in a (qk, n, q, k) orthogonal array of index unity.
Corollaries 4.8 and 4.6 showus that questions ofwhether or notwe can construct complete sets ofMdOHorMSdOHusing
linear polynomials is equivalent to many open problems; therefore constructing complete sets using this method may not
be feasible. However, by examining the known results in coding theory, the two corollaries lead us to many results for these
types of hypercubes.
Theorem 2.7 tells us that the maximum number of mutually d-orthogonal hypercubes of order q and dimension d is at
most q + d − 1. Hence, we have for a q-ary [l, d, l − d + 1]-code that l ≤ q + d − 1. However, in [17] we see that if d ≥ 3
and q is odd, then a q-ary [l, d, l− d+ 1]-code has the bound l ≤ q+ d− 2. Using the construction given in Corollary 4.8,
we now know the following:
Theorem 4.14. Let d ≥ 3. When q is odd, the maximum number of MdOH of order q and dimension d which can be constructed
using linear polynomials over Fq is at most q+ d− 2.
Similarly, we obtain:
Theorem 4.15. Let d ≥ 3. When q is odd, the maximum number of MSdOH of order q and dimension d which can be constructed
using linear polynomials over Fq is at most q− 2.
The following conjecture [17, ch. 11] has been made for q-ary [l, d, l− d+ 1]-codes:
Given a q-ary [l, d, l− d+ 1]-code with q > d, then:
l ≤

q+ 2 for d = 3 and d = q− 1 both with q even
q+ 1 in all other cases.
This leads to the following conjectures for MdOH and MSdOH:
Conjecture 4.16. The maximum number, M, of mutually d-orthogonal hypercubes of order n and dimension d, n > d, must
satisfy:
M ≤

n+ 2 for d = 3 and d = n− 1 both with n even
n+ 1 in all other cases.
Conjecture 4.17. The maximum number, N, of mutually strong d-orthogonal hypercubes of order n and dimension d, n > d,
must satisfy:
N ≤

n− d+ 2 for d = 3 and d = n− 1 both with n even
n− d+ 1 in all other cases.
In prime power orders these bounds are attainable [17, ch. 11]. We now list the polynomials which can be used to
generate q + 1 MdOH of order q and dimension d, q > d. The coefficients of these polynomials follow from the entries
of the parity check matrix used to generate the equivalent MDS code. Let α1, . . . , αq−1 be the non-zero elements of Fq, then
the polynomials:
p1 = x1 + α1x2 + α21x3 + · · · + αd−11 xd
p2 = x1 + α2x2 + α22x3 + · · · + αd−12 xd
...
pq−1 = x1 + αq−1x2 + α2q−1x3 + · · · + αd−1q−1xd
pq = x1 + 0x2 + · · · + 0xd
pq+1 = 0x1 + · · · + 0xd−1 + xd (5)
generate a set of q + 1 MdOH of order q and dimension d. These can be used to create an equivalent MDS code, which in
turn can be used to construct a set of q− d+ 1 MSdOH of order q and dimension d.
It is known that the bounds found in the previous three conjectures are attainable in prime power orders; however it
is still unknown as to whether this bound is correct in all cases. Hirschfeld [10] provides a good survey as to when these
conjectures might hold.
4.3. Constructions in non-prime power orders
So far we have used permutation polynomials over finite fields to construct sets of MdOH and MSdOH. Since we used
a finite field with q elements to construct hypercubes of order q, it follows that this construction will only work in prime
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power orders. In [13, ch. 3] amethod, first used byMacNeish [16] in the construction of latin squares, is outlined to construct
sets of pairwise orthogonal hypercubes in non-prime power orders. In this section we will extend this method to construct
sets of MdOH and MSdOH in non-prime power orders.
Suppose we have two hypercubes A and B of dimension d and ordersm and n respectively. Let the coordinates of A range
from 0 tom− 1, and let the entry in position i1, . . . , id be denoted by ai1,...,id . Similarly, let the coordinates of B range from 0
to n− 1, and let the entry in position j1, . . . , jd be denoted by bj1,...,jd . The Kronecker product A

B is defined as follows. The
coordinates of A

B range from 0 tomn− 1, and the entry in position (mj1 + i1, . . . ,mjd + id) is given by the ordered pair
(ai1,...,id , bj1,...,jd). It is not hard to see that if A and B are latin hypercubes of ordersm and n, then A

B is a latin hypercube
of ordermn. In Fig. 2, we depict the Kronecker product construction of a latin square of order 6 using latin squares, A, and B,
of orders 2 and 3 respectively.
In [13, pg. 24]we find the following the result on the construction of orthogonal latin squares using theKronecker product.
Theorem 4.18. Let A1, A2 be orthogonal latin squares of order m, and let B1, B2 be orthogonal latin squares of order n. Then
A1

B1 and A2

B2 are orthogonal latin squares of order mn.
It follows that if A1, . . . , At is a set of mutually orthogonal latin squares of order m and B1, . . . , Bt is a set of mutually
orthogonal latin squares of order n, then A1

B1, . . . , At

Bt forms a set of mutually orthogonal latin squares of ordermn.
Using this result recursively for each prime power in the prime factorization of a given order n, along with the known prime
power constructions, it is easy to prove the following:
Theorem 4.19. Let n = q1q2 . . . qr , where qi is a prime power for each 1 ≤ i ≤ r, (qi, qj) = 1 for all i, j with i < j, and
q1 < q2 < · · · < qr . Then the maximum number of mutually orthogonal latin squares of order n,N(n), is at least q1 − 1.
Similar results are available [13] for the construction ofmutually pairwise orthogonal hypercubes.Wewill now show that
if the usual notion of orthogonality is replaced with dimensional orthogonality or strong orthogonality, then the Kronecker
product constructions will continue to be useful.
Theorem 4.20. Let A1, . . . , Ad be a set of dimensionally orthogonal hypercubes of dimension d and order m, and let B1, . . . , Bd
be a set of dimensionally orthogonal hypercubes of dimension d and order n. Then A1

B1, . . . , Ad

Bd is a set of dimensionally
orthogonal hypercubes of dimension d and order mn.
Proof. Recall that dimensional orthogonality requires that in the superimposition of A1

B1, A2

B2, . . . , Ad

Bd each
ordered d-tuple ((a1, b1), (a2, b2), . . . , (ad, bd)) occurs exactly once. This follows from the fact that (a1, . . . , ad) occurs
exactly once in the superimposition of A1, . . . , Ad as does (b1, . . . , bd) in the superimposition of B1, . . . , Bd. 
This result leads immediately to the following corollary for sets of mutually d-orthogonal hypercubes.
Corollary 4.21. For t ≥ d, let A1, . . . , At be a set of MdOH of dimension d and order m, and let B1, . . . , Bt be a set of MdOH of
dimension d and order n. Then A1

B1, . . . , At

Bt is a set of MdOH of dimension d and order mn.
Now, by noting that t-subarrays of A

B are constructed using corresponding t-subarrays of A and B, and using amethod
similar to the proof of Theorem 4.20, we also can obtain a similar result for strong d-orthogonality.
Theorem 4.22. Let A1, . . . , At be a set of MSdOH of dimension d and order m, and let B1, . . . , Bt be a set of MSdOH of dimension
d and order n. Then A1

B1, . . . , At

Bt is a set of MSdOH of dimension d and order mn.
Now, similar to Theorem 4.19, we can obtain a lower bound for the maximum number of MdOH of order n, where n is a
non-prime power.
Theorem 4.23. Let n = q1q2 . . . qr , where qi is a prime power for each 1 ≤ i ≤ r, (qi, qj) = 1 for all i, j with i < j, and
q1 < q2 < · · · < qr . If d ≥ 2, then the maximum number of MdOH of order n is at least q1 + 1.
Proof. Follows from Eqs. (5) and recursively using Theorem 4.20 for each prime power. 
Similarly, we obtain:
Theorem 4.24. Let n = q1q2 . . . qr , where qi is a prime power for each 1 ≤ i ≤ r, (qi, qj) = 1 for all i, j with i < j, and
q1 < q2 < · · · < qr . If d ≥ 2, then the maximum number of MSdOH of order n is at least q1 − d+ 1.
Note that in dimension 2, a set of MSdOH and a set of MOLS are equivalent, so this reduces to Theorem 4.19 when d = 2.
We conclude this section with the following result for MDS codes.
Corollary 4.25. Let n = q1q2 . . . qr , where qi is a prime power for each 1 ≤ i ≤ r, (qi, qj) = 1 for all i, j with i < j, and
q1 < q2 < · · · < qr . Then we may construct an n-ary (l, nd, l− d+ 1)-code with l = q1 + 1.
J.T. Ethier, G.L. Mullen / Discrete Mathematics 312 (2012) 2050–2061 2059
Fig. 2. Example of a Kronecker product construction.
5. k-Orthogonality
In this section we will give a generalization of d-orthogonality defined in Section 2. Recall that the notion of d-
orthogonality requires that upon the superimposition of d hypercubes of dimension d every d-tuple will appear exactly
once. Also, recall that the standard definition of orthogonality requires that upon the superimposition of two hypercubes
of dimension d every ordered pair occurs the same number of times. We will now define a general form of orthogonality
which allows for the superimposition of k hypercubes of dimension d for any 2 ≤ k ≤ d.
Definition 5.1. For 2 ≤ k ≤ d, a set of k hypercubes of order n and dimension d is said to be k-orthogonal if when
superimposed, each of the nk ordered k-tuples occurs exactly nd−k times.
Furthermore, we say that a set of j ≥ k hypercubes of dimension d is mutually k-orthogonal if given any k hypercubes
from the set, they are k-orthogonal.
Observe that if k = 2, then this is the standard definition of orthogonality and if k = d, then this is the definition of
dimensional orthogonality.
Lemma 5.2. If a set of hypercubes of order n and dimension d is mutually k-orthogonal for some value 2 ≤ k ≤ d, then the set
is also mutually t-orthogonal for any 2 ≤ t ≤ k.
Proof. Suppose, for a contradiction, that in the superimposition of t hypercubes there exists an ordered t-tuple, say
(0, . . . , 0), which occurs less than nd−t times. Then it follows that each of the nk−t , ordered k-tuples which begin with
the t-tuple (0, . . . , 0) cannot each occur nd−k times as required. Hence, each ordered t-tuple occurs exactly nd−t times. 
We have seen in Section 2.3 that when k = d, the maximum number of mutually d-orthogonal hypercubes of order n is
at most n+ d− 1. Also, when k = 2 it is known that the maximum number of mutually orthogonal hypercubes of order n
and type 0 is at most (nd − 1)/(n − 1) [14]. From this we may guess that the maximum number of mutually k-orthogonal
hypercubes of dimension d and order n is approximately nd−k+1. While we will not be able to find a bound directly, we will
be able to find a bound for the maximum number which can be constructed using permutation polynomials in prime power
orders.
We can construct sets of mutually k-orthogonal hypercubes of dimension d and order q using linear polynomials over
the field Fq similar to before. For q a prime power, we construct a d-dimensional hypercube of order q from f (x1, . . . , xd) =
a1x1 + · · · + adxd over Fq as follows. We use the elements of Fq as the q distinct symbols and as the coordinate labels for
each coordinate xi, 1 ≤ i ≤ d. Then the symbol in entry (x1, . . . , xd) is given by a1x1 + · · · + adxd.
Now, to ensure that a set of polynomials constructs hypercubes which are mutually k-orthogonal we need to have
any k polynomials from the set form an orthogonal system. Thus we require that for any p1, . . . , pk from the set and any
(c1, . . . , ck) ≠ (0, . . . , 0)we have c1p1 + · · · + ckpk ≠ 0. It is not difficult to see that the following lemmas are correct:
Lemma 5.3. Let p1, . . . , pt be a set of linear polynomials over Fq where pi = a1x1 + · · · + adxd. Furthermore, assume that
any k polynomials from the set form an orthogonal system. Then the hypercubes generated by the polynomials are mutually k-
orthogonal.
Lemma 5.4. There are at most (qd−1)/(q−1) polynomials pi = a1x1+· · ·+adxd over Fq where for any k ≠ j, the coefficients
of pk and pj are linearly independent.
We will now provide a bound for the maximum number of polynomials which satisfy the conditions of Lemma 5.3 for
k > 2.
Theorem 5.5. Let p1, . . . , pt be a set of linear polynomials over Fq where pi = a1x1+· · ·+ adxd. Furthermore, assume that any
k polynomials from the set form an orthogonal system. Then t ≤ qd−k+1 + qd−k + · · · + q+ k− 1.
Proof. Let p1, . . . , pt be a set of linear polynomials over Fq where pi = a1x1 + · · · + adxd. Furthermore, assume that any
k polynomials from the set form an orthogonal system. Now distinguish any k − 2 polynomials, say p1, . . . , pk−2. For all
qk−2, q-tuples (b1, . . . , bk−2) with br ∈ Fq and t − k + 2 polynomials pl ∈ pk−1, . . . , pt we define a new polynomial
pl,b1,...,bk−2 = pl + b1p1 + · · · + bk−2pk−2.
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Let fi and fj be any two distinct polynomials from p1, . . . , pk−2, pl,b1,...,bk . We claim that the coefficients of fi and fj are
linearly independent. If either polynomial is from the set p1, . . . , pk−2 then the result is trivial.
Now suppose, fi = pli,b1,...,bk = pli + b1p1+· · ·+ bk−2pk−2 and fj = plj,d1,...,dk = plj + d1p1+· · ·+ dk−2pk−2 and suppose,
for a contradiction, that there exist coefficients c1, c2 ∈ Fq with c1pi + c2pj = 0x1 + · · · + 0xd. Thus we have:
c1pi + c2pj = c1(pli + b1p1 + · · · + bk−2pk−2)+ c2(plj + d1p1 + · · · + dk−2pk−2)
= c1pli + c2plj + (c1b1 + c2d1)p1 + · · · + (c1bk−2 + c2dk−2)pk−2
= 0x1 + · · · + 0xd. (6)
However, this contradicts that any k polynomials from the set p1, . . . , pt are linearly independent. Thus we have that the
coefficients of fi and fj are linearly independent. We have constructed a total of qk−2(t − k+ 2)+ k− 2 polynomials which
must be at most (qd − 1)/(q− 1) by Lemma 5.4. The result follows easily. 
Remark 5.6. If we let k = d, then Theorem 5.5 reduces to q+ d− 1, which is the correct bound for a set of MdOH. Also, if
we let k = 2, we get the bound found in Lemma 5.4.
Although we cannot at this time find a bound for the maximum number of mutually k-orthogonal hypercubes of order
n, the bound found in Theorem 5.5 leads us to the following conjecture:
Conjecture 5.7. Let d ≥ 2. The maximum number of mutually k-orthogonal hypercubes of order n, type 0, and dimension d is at
most nd−k+1 + nd−k + · · · + n+ k− 1.
6. Hypercubes of class r
In this section we will examine hypercubes which increase the number of symbols beyond the order of the hypercube.
More specifically, we will examine a type of hypercube introduced by Kishen [12] where the number of symbols in the
hypercube is a positive integer power of the order of the hypercube. In [6] the authors study various properties of sets of
class r hypercubes, including sets of orthogonal hypercubes of class r and upper bounds for the maximal number of such
orthogonal hypercubes. Connections toMDS codes are also discussed in [6]. Herewewill provide a definition for hypercubes
of class r and for orthogonality of such hypercubes, as well as give some constructive techniques in certain cases.
Definition 6.1. For d ≥ r , a d-dimensional hypercube of order n, class r , and type j, 0 ≤ j ≤ d − r , is an n × · · · × n array
(d times) based on nr distinct symbols, such that each symbol occurs exactly nd−r−j times in each (d− j)-subarray.
For d ≥ 2r , we say that two such hypercubes are orthogonal if when superimposed, each of the n2r ordered pairs occurs
exactly nd−2r times.
Furthermore, we say that a set of d-dimensional latin hypercubes of order n and class r ismutually orthogonal if any two
(see Fig. 3) hypercubes from the set are orthogonal.
Notice that a d-dimensional latin hypercube of order n and class 1 is simply a latin hypercube of dimension d and order n.
Furthermore, the definition for orthogonality is equivalent to the standard definition of orthogonality for latin hypercubes.
It should be noted that Kishen used the term ‘‘order’’ rather than class. In thiswork, we reserve the term ‘‘order’’ to denote
the size of the array and we will use the term class in place of Kishen’s definition of order found in [12].
We now give a generalization of k-orthogonality for hypercubes of higher classes.
Definition 6.2. We say that a set of k d-dimensional hypercubes H1, . . . ,Hk, each of order n and with respective classes
c1, c2, . . . , ck where C = c1 + · · · + ck ≤ d, is k-orthogonal if upon superimposition of all hypercubes each ordered k-tuple
appears exactly nd−C times.
6.1. Constructions of class r hypercubes
Theorem 6.3. Given a pair of orthogonal hypercubes of dimension 2r, order n and class r, we can construct a set of 2r hypercubes
each of dimension 2r, order n and class 1 which are k-orthogonal.
Proof. Each of the nr symbols in a hypercube of class r can be considered as a block of length r of n distinct symbols. Given a
2r-dimensional hypercube of order n and class r , we can construct r hypercubes by letting the entries in the j-th hypercube
be the j-th symbol of the block in the corresponding entry in the hypercube of class r . Then, given a pair of orthogonal
2r-dimensional hypercubes of order n and class r we can construct a set of 2r hypercubes each of dimension 2r , order n
and class 1. If the 2r hypercubes are superimposed then each of the n2r ordered 2r-tuples must occur exactly once by the
orthogonality of the original pair. Hence, the 2r hypercubes are k-orthogonal. 
Corollary 6.4. Given a set of T mutually orthogonal hypercubes of dimension 2r, order n and class r, we can construct T sets,
each containing r hypercubes of dimension 2r, order n and class 1 such that the union of any two sets is k-orthogonal.
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Fig. 3. A hypercube of dimension 3, order 3, and class 2.
Theorem 6.5. Given an n-ary (l, nd, l− d+ 1)-code we can construct a set of k-orthogonal hypercubes of order n, dimension d
and classes c1, c2, . . . , ck, each of type 0, where c1 + · · · + ck = d.
Proof. Suppose we are given an n-ary (l, nd, l − d + 1)-code. Take each of the nd codewords and place it in one of the nd
distinct entries of a hypercube H of order n and dimension d. Now we can construct a set of k, k-orthogonal hypercubes
of order n, dimension d, and type 0 and classes c1, c2, . . . , ck from H by making the entries of the first hypercube to be
the ordered c1-tuple given by the first c1 symbols of the entries of H . We construct the second hypercube from the next
c2 symbols and so on. Thus the j-th hypercube is based on ncj symbols as required. It follows from Theorem 2.5 that each
cj-tuple will occur exactly nd−cj times in the j-th hypercube. Orthogonality also follows by Theorem 2.5. 
Theorem 6.6. Given an n-ary (l, nd, l− d+ 1)-code we can construct a set of k-orthogonal hypercubes of order n, dimension d
and classes c1, c2, . . . , ck with respective types d− ci where c1 + · · · + ck = l− d.
Proof. Similar to the proof of Theorem 6.5 using the first d coordinates as labels as in the proof of Theorem 3.2. 
We conclude this section by providing a simple construction of class 2 hypercubes using orthogonality of strength 2
defined in [5].
Lemma 6.7. Given a pair of 2-strongly orthogonal latin hypercubes of dimension d ≥ 2, F (d)1 (n; 1) and F (d)2 (n; 1), we can
construct a d-dimensional hypercube of order n and class 2.
Proof. By definition of orthogonality of strength 2 for latin hypercubes, we have that upon superimposition of any
corresponding 2-subarrays of F (d)1 (n; 1) and F (d)2 (n; 1) each ordered pair appears exactly once. Consider each of the n2
ordered pairs to be a distinct symbol, then the superimposition of F (d)1 (n; 1) and F (d)2 (n; 1) is a d-dimensional hypercube
of order n and class 2. 
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